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Abstract 
We find the analytical expression for the threshold intensity necessary to launch ultra-slow light 
pulses in a metamaterial with simultaneous cubic electric and magnetic nonlinearity. The role 
played respectively by the permittivity, the permeability, the electric cubic nonlinearity, the 
magnetic cubic nonlinearity and the pulse duration is clearly identified and discussed.   
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1. Introduction 
Temporal solitons, i.e. guided light pulses which propagate  without dispersion due to the 
balancing between the group-velocity dispersion (GVD) and the self-phase modulation induced 
by a Kerr nonlinearity, play a fundamental role in optical communications systems [1,2]. In the 
past few years, metamaterials, i.e. artificial composites assembled in such a way that they show 
both an effective electric and magnetic response although the constituent materials are non-
magnetic, have been the subject of intense theoretical and experimental investigations due to 
their vast range potential applications from super-resolution [3] to cloaking [4]. The study of 
optical solitons in metamaterials is a new and exciting field of research which has already 
produced some important theoretical results: we cite for example the possibility to excite bright 
and dark gap solitons in a metamaterial cavity [5], a new nonlinear Schrödinger equations 
(NLSE) for metamaterials with only cubic electric nonlinearity [6], a generalized system of two, 
coupled, spatio-temporal NLSEs for metamaterials with simultaneous cubic electric and 
magnetic nonlinearity [7].  
The aim of this paper is to arrive to an analytical expression for the threshold intensity 
needed to launch ultra-slow optical soliton in a metamaterial and to clearly put into evidence the 
role played respectively by the permittivity, the permeability, the electric cubic nonlinearity, the 
magnetic cubic nonlinearity and the pulse duration. “Slow-light” has recently received a great 
deal of attention in telecommunications for its numerous applications ranging from all-optical 
storage to all-optical switching [8]. Before going into the mathematical analysis of the problem 
we would like to discuss briefly the linear properties of a metamaterial which we describe by a 
Drude model [3] for both permittivity and permeability: ( ) 2~/11~ ωωε −≈ , 
( ) ( ) 22 ~//1~ ωωωωμ epmp−≈ , where epωωω /~ = is the normalized frequency, ωep and ωmp are 
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respectively the electric plasma frequency and the magnetic plasma frequency of the 
metamaterial and ωep=2πc/λep where λep is the electric plasma wavelength. In Fig.1(a) we show 
the refractive index εμ±=n  and group velocity (GV) Vg for . The negative 
determination of the square root must be taken when ε and μ  are simultaneously negative [9]. 
The material is characterized by an opaque region (no propagative modes allowed) between 
ω
80./ epmp =ωω
mp<ω<ωep and two transparent regions (propagative modes allowed) respectively for ω<ωmp 
and ω>ωep, note also that Vg and n reach values close to zero near the edges of the propagative 
regions. The two band edges are defined respectively by the conditions ω=ωep and ω=ωmp . It is 
indeed near the band edges of the propagative regions that ultra-slow GV temporal solitons make 
their appearance. In Fig.1(b) we show the so-called GVD parameter  ⎟⎟⎠
⎞
⎜⎜⎝
⎛
⎟⎟⎠
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gVd
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2 ωβ . The zones 
at the edges of the propagative region where low GV is achieved are also characterized by a 
strong dispersion that, as we will see later, substantially increases the threshold intensity 
necessary to launch the fundamental soliton. We also note that in the case of an impedance 
matched metamaterial, i.e. epmp ωω = , the opaque region disappears and, as a consequence, the 
GV remains substantially close to c over all the spectrum.  
The paper is organized as follows: in Section 2 we derive the basic equations and arrive 
to a system of two NLSEs that couple together the electric and magnetic field, in Section 3 we 
discuss the analytical solutions and in particular we focus on the ultra-slow soliton solutions near 
the band edges of the metamaterial, in Section 4 we go to the conclusions. 
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2. Basic Equations 
Now, let us start our analysis with the Maxwell equations in (1+1)dimension for linearly 
polarized fields:  
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electric induction (D). In what follows we use non dimensional units, i.e. 100 === cμε , where 
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where E~  e H~ are the complex envelopes respectively for the electric and magnetic fields, ε and 
μ are respectively the relative permittivity and the permeability of the material, permittivity and 
permeability which we suppose real quantities, )3()3( )4/3(~ εε χχ = and )3()3( )4/3(~ μμ χχ =  are 
respectively the cubic electric and magnetic nonlinearity which we suppose for simplicity non-
dispersive. In the derivation of the approximated expressions for tD ∂∂ /  and we have 
neglected: a) the third order time derivative over the field envelopes; b) the first order time 
tB ∂∂ /
 4
derivative over the nonlinear terms, i.e. the self-steepening terms like tEE ∂∂ /)~~( 2  and 
tHH ∂∂ /)~~( 2 ; c) the nonlinear terms whose temporal oscillations are different from the 
oscillation at the carrier frequency (rotating wave approximation), i.e. we retain only the self-
phase modulation terms. Now, if we put into evidence the fundamental spatial oscillation by 
writing ikzeEE ˆ~ =  and  ikzeHH ˆ~ = , where k=nω0  is the fundamental wave-vector, and substitute 
the above expressions into Maxwell equations, we arrive to the following system of coupled 
equations:   
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symmetry, in fact Eq.(1.2) can be obtained from Eq.(1.1) and vice versa with the formal 
substitutions: ε→μ , μ→ε,  , . We now concentrate on the manipulation of only 
one of the two equations. Let us concentrate on Eq.(1.1). By deriving Eq.(1.1) with respect to z, 
using Eq.(1.2) and neglecting the third order spatio-temporal derivatives over the envelopes and 
the  first order derivatives over the nonlinear terms we arrive to the following equation: 
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Note that by neglecting the third order spatio-temporal derivatives we are implicitly assuming 
that the electromagnetic pulse is slowly varying both in time and space. While in standard 
positive index materials (n>1, μ=1) the condition that the pulse is slowly varying in time 
generally implies that the pulse is also slowly varying in space, in our case the situation is not so 
simple because of the high dispersion present in the propagative regions near the electric or the 
magnetic plasma frequency of the metamaterial (see Fig.1), i.e. where slow GV solitons are 
present. In general the condition of slowly varying envelope in space is broken anytime the pulse 
extension in the material Δz=VgT0 (T0 is the temporal pulse duration) becomes comparable with 
the wavelength of the pulse λ=2πc/(nω0), in other words Eq.(2) retains its validity when 
T0>>2πc/(Vgnω0). It is clear that this condition put a lower limit on how short in time a low GV 
soliton can be. We will come later to a quantitative analysis of this condition. For the time being, 
let us continue with the manipulation of Eq.(2). By defining ( )
0ωωω
ωβ
=
⎟⎟⎠
⎞
⎜⎜⎝
⎛≡ m
m
m d
nd (m=1,2…), by 
using the typical coordinate transformation: ztz 1, βτξ −== , and finally by neglecting the 
terms which are of the same order as the third order spatio-temporal derivatives over the 
envelopes and the first order derivatives over the nonlinear terms, Eq.(2) can be put in the 
following form: 
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In arriving to Eq.(3.1) we have also used the following equalities: 
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demonstrated. We note that both β1 and β2 are invariant under the transformations: ε→μ, 
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μ→ε. Physically this means that the electric and magnetic field obviously must have the same 
GV and the same GVD. Eq.(3.1) is the first of the two equations we were looking for. It becomes 
the standard NLSE [1,2] for 0~ )3( =μχ . Now, using the same procedure outlined above, but 
starting by deriving Eq.(1.2) with respect to z, we can arrive to the second equation: 
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Eq.(3.1) and (3.2) form a system of two  coupled NLSEs that preserve the same symmetry of 
Eqs(1), in fact we can formally obtain  Eq.(3.2) from Eq.(3.1) and vice versa with the formal 
substitutions: ε→μ , μ→ε,  , . Before going to analyze the analytical solutions of 
Eqs.(3), we make some cosmetic manipulations by introducing the following new variables and 
parameters:
HE ˆˆ → EH ˆˆ →
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where T0 is the pulse duration, LD is the so-called second-order dispersion length [1,2] and Z is 
the impedance of the medium which obviously is always positive. In the new variables, Eqs.(3) 
become: 
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where )sgn( 2β stands for the sign of the GVD parameter.  
3. Ultra-slow solitons 
The fundamental soliton solutions of Eqs(4) can be easily found by noting that this 
system of two coupled NLSEs can be decoupled into a single NLSE by using the following 
transformations: . The transformations used to decouple the system of Eq.(4) uuZuu == 21 ,
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have an obvious physical meaning: the electric and the magnetic field must be proportional each 
other through the impedance Z of the medium, as one may expect. The single NLSE in the u 
variable takes the following form:  
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where ( ))3()3(3 ~)/1(~ με χχ ZZ +=Γ . The fundamental soliton solutions of Eq.(5) are well known [1,2]. 
Bright soliton: )2/~exp()/)~((sec)~,~( zithtzu ±Γ=  for 1)sgn( 2 −=β and  or 0>Γ
1)sgn( 2 =β and . Dark soliton: 0<Γ )~exp()/)~(tanh()~,~( zittzu ±Γ=  for 1)sgn( 2 =β  and 0>Γ  
or   1)sgn( 2 −=β and . The threshold intensity to launch the fundamental solitons can be 
calculated from the maximum of the Poynting vector, 
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Eq.(6) is the analytical expression for the threshold intensity necessary to launch the 
fundamental solitons in a generic metamaterial having both electric and magnetic cubic 
nonlinearity.  In order to analyze quantitatively the situation for simplicity we assume that the 
electric and magnetic nonlinearity are of the same order of magnitude. By tuning the carrier 
frequency of the pulse near the electric plasma frequency, i.e. epωω ≈0 andε~0,we obtain from 
Eq.(6) the following expression: ( ) ( ))3(0202 ~// εχωμεβ TSthr ≈ , which means that the ultra-slow 
GV soliton is of “electrical” nature, namely it is  the electric nonlinearity which plays the 
dominant role for its formation while the magnetic nonlinearity is quenched. Vice versa, near the 
and μ~0, we obtain from Eq.(6)  magnetic plasma frequency, i.e. mpωω ≈0
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( ) ( ))3(0202 ~// μχωεμβ TSthr ≈ , i.e. this time it is the magnetic nonlinearity to play a dominant role 
ra-slow GV soliton . It is worthwhile to remark that in the above 
discussion we are operating in regions near the band edges, but not exactly at the band edges; in 
other words, the carrier frequency of the pulse is always slightly detuned with respect to the 
electric or magnetic plasma frequency of the metamaterial.  This means that the refractive index 
and the permittivity or permeability are very small but not quite zero, avoiding therefore any 
intrinsic singularity in Eq.(2) or in any other equation that derives from Eq.(2).     Finally in the 
case of an impedance matched metamaterial, i.e. epmp
in the formation of the ult
ωω = , we obtain  
( ))3()3(0202 ~~/ με χχωβ += TSthr , which means that the electric and magnetic nonlinearity play an 
 soliton formation, although in this case no ultra-slow GV soliton is 
excited.      In order to have an idea of how much intensity is necessary to launch these ultra-slow 
GV light pulses we draw a comparison with the intensity necessary to launch a soliton in a 
standard fiber. For simplicity we fix the electric plasma wavelength of the metamaterial at 
λ
equal important role in the
a D
ep=1μm (1/ωep≅0.55fs). In a standard single mode fiber the dispersion D=-(2πc/λ2)β2 is 
pproximately ~15ps/(Km nm) at ~1.55μm [1,2]. The GVD parameter of the standard fiber at 
1.55μm expressed in units of (cωep)-1 is approximately ( ) 122 10 −−−≈ epfiber cωβ and threshold 
intensity is ( ))3(2202 ~/103 fiberepfiberthr cTS χω−⋅≈  where we take ig.2 we plot 
( )
nfiber~1.4.  In F
( ) )~S/()~S( fiberthr 3χ  electric plasma frequency of the metamaterial. In this 
 Fig.1(b)) and bright solitons can be launched when ( ) 03 >χε
fiber
thr
3
εχ  and Vg near the
case β2 is negative (see ~ .  For 
ω0=1.00002ωep  (i.e. a detuning from the high frequency band edge epep ωωωδω 50 −−= ) 
he GV will be ~c/100 and ( )
10*2=
t ( ) 433 10~)~S/()~S( fiberthrfiberthr εχχ .  Of course, the actual value of the 
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intensity necessary to launch  value of the cubic nonlinearity in the 
metamaterial. It has been noted [10] that microscopic fields can be dramatically enhanced in a 
composite structure like a metamaterial giving therefore an enhancement of nonlinear 
phenomena. If we suppose:
the soliton will depend on the
( ) ( )3433 1010 fiber)(~ χ÷χ , the intensity necessary to launch a c/100 GV 
soliton will be comparable essary to launch a soliton in a standard fiber. 
The intensity grows exponentially if slower pulses are to be launched. As we have already 
mentioned, there is a limitation to how short a pulse can be. In the case of our example we have 
at ω
~~
with the intensity nec
-3 -2
t
-2
0=1.00002ωep the following values: n~4*10  and Vg~10 c, therefore the temporal duration 
of the pulse mus  be T0>>2πc/(Vgnω0)~100ps, which means at least ~1ns pulses. There is one 
last issue that deserves to be discussed in some detail and this is the effect of higher order 
dispersion terms. As we have already remarked in the manuscript, we are operating near the band 
edges of the structure, i.e. in  regions of extremely high dispersion, as it is evident, for example, 
from Fig.1(b) where the GVD parameter β2 is represented. On the other hand, in order to arrive 
to analytical solutions, we have neglected the third and higher order dispersion terms. Now, in 
conventional fibers, third and higher order dispersion terms are generally small and can be 
treated by perturbation approaches for a pulse duration T0>>1ps [1,2]; in our case, given the 
remarkably high dispersion present near the band edges, we may expect that much longer pulses 
than those of a conventional fiber are needed in order to reduce the effects of the third and high 
order dispersion. We would like to remind the reader that we have already set up a lower limit to 
the pulse duration, i.e. T0>>2πc/(Vgnω0),  based on the requirement that the pulse must be slowly 
varying in space; in our case, for a soliton with a group velocity 10 c, this condition calls for 
pulses that are at least 1ns in duration. Let us here concentrate on the third order dispersion  in 
particular. In order to consider the third order dispersion as a small perturbation we need to 
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impose the condition that DD LL >>)3(  where 330)3( / βTLD =  is the so-called third-order dispersion 
length [1,2, 11] and 2
2
0 / βTL = e second sion length. This means that the pulse 
duration must satisfy the g condition: 
D th -order disper
 followin 230 / ββ>>T . In Fig.3 we plot  23 / ββ  for the 
metamaterial described in Fig.1 when the carri of the pulse is tuned near the high 
frequency band edge, i.e . ω
er frequency 
0~ωep . In particular we plot  23 / ββ  as function of the detuning 
epωωδω −=  . In the case of a detuning  510*2/ −≈ωδω V of the soliton is c/100 and 0   the Gep
psep 40~/10*4.7
4 ω≈ . If we now recall that for the same tuning condition the 
he validity of the slowly varying envelope approximation 
is T
T / 230 ββ>>
pulse duration necessary to maintain t
0>>2πc/(Vgnω0)~100ps, it should appear evident that ns-pulses not only ensure  the validity 
of the slowly varying envelope approximation in space, but also  allow us to treat the third order 
dispersion as a small perturbation.  The generalization of Eq.(5)  which includes the third order 
dispersion can be written as: 
3
3
3
2
2
2
2 )sgn( uu ∂∂ β ~~2~ t
uiuu
tz
i ∂
∂=Γ+∂−∂ δ    ,             (7) 
where δ3 is the  third order dispersion parameter: )6/( 2033 ββδ T=  and 13 <<δ  in our case. 
Here we consider for simplicity the case that the pulse is tuned near the high frequency band 
edge and the electric nonlinearity is positive. It can be demonstrated by using a perturbation 
approach [2,13] that the fundamental bright soliton solution  modified by the  third order 
dispersion can be written in the following form: 
)2/~exp()/)~~((sec)~,~( 3 zizthtzu Γ−= δ   .            (8) 
In other words, what the third order dispersion do luen  the tual GV of t
soliton, GV which takes the following form: 
es is to inf ce ac he bright 
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where clearly Vg=1 β Fig  we c lculat the co
to the usual group velocity by the third order dispersion for a 1ns-pulse tuned near the high 
/ 1  is the usual group velocity.  In .4 a e rrection brought 
frequency band edge. The figure shows that the GV is corrected for less than one part over one 
thousand and therefore   for all intents and purposes this correction can be considered negligible.  
   Similar results to those exposed above can be expected if ω0 is tuned near ωmp, except 
that in this latter case bright solitons  can be launched when ( ) 03 <χμ~ .Here we have explicitly 
analyzed the case: ω <ω . In the opposite situation: ω >ω , we would have bright solitons at mp ep mp ep
mpωω ≈ for ( ) 03 >χ~  and at ω≈ω for 0 0μ ep ( ) 03 <χε~ . A final note regarding the absorption of the 
metamaterial. In this work we have neglected the absorption of the metamaterial. In currently 
 metam e absorption is still so high that it is premature 
to think about any practical soliton application. Nevertheless, in principle, there is nothing that 
prevents the possible availability of low-loss metamaterials in the near future.  
4. Conclusions 
In conclusion, we have performed an analytical study on the possibility to
available aterials in the near infrared [12] th
 excite ultra-slow 
band-edges of a metamaterial. We have investigated the role played respectively 
 
solitons near the 
by the permittivity, the permeability, the electric cubic nonlinearity, the magnetic cubic 
nonlinearity and the pulse duration. We hope that our results may stimulate further research 
aiming at the study of this new class of materials in applications which involve “slow light”, 
such as all-optical buffering and switching for example.   
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Figure Captions 
Fig.1: (a) n (dashed line) and Vg in units of c (continuous line) vs. ω/ωep for a metamaterial 
2 ep
ig.2: 
enhanced nonlinear phenomena” IEEE Trans. Micr. Th. Tech. 47, 2075 (1999)  
metamaterial at telecommunication wavelengths”, Opt. Lett. 31, 1800-1802 (2006). 
Oxford, UK, 1995) 
described by a Drude model with ωmp/ωep =0.8 as outlined in the main text. (b) GVD parameter 
β  vs. ω/ω .   
( ) ( ) )~S/()~S( fiberthrfiberthr 33 εχχF  (left y-axis) and Vg in units of c (right y-axis) vs. epωδω / where 
epωωδω −= 0  is the detuning from the high frequency band edge. 
Fig.3: 23 / ββ  (units of 1/ω ) vs. epωδω / . ep
ggg VVV /
)1( −  Fig.4: vs. epωδω / . 
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